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Solutal Convection During Growth of Alloyed
Semiconductor Crystals in a Magnetic Field

Nancy Ma¤

North Carolina State University, Raleigh, North Carolina 27695

This paper presents a model for the unsteady species transport during bulk growth of alloyed semiconductor
crystals with a planar crystal-melt interface and with an externally applied steady axial magnetic � eld. During
growth of alloyed semiconductors such as germanium-silicon (GeSi) and mercury-cadmium-telluride (HgCdTe),
the solute’s concentration is not small so that density differences in the melt are very large. These compositional
variations drive compositionallydriven buoyant convection, or solutal convection, in addition to thermally driven
buoyant convection. These buoyant convections drive convective transport, which produces nonuniformities in the
concentration in both the melt and the crystal. This transient model predicts the distribution of species in the entire
crystal.

Introduction

B ECAUSE molten semiconductors are excellent electrical con-
ductors,themelt motionand speciestransportcanbe controlled

byanexternallyappliedsteadymagnetic � eld during thegrowthpro-
cess. The in� nite number of possible magnetic � eld con� gurations
provides the ability to tailor the melt motion in order to optimize the
propertiesof the crystal. It is crucial that the distributionsof species
are as uniform as possible. When only a few deviceswere produced
on surfacesof thin wafers sliced from a crystal, large compositional
deviationscould be toleratedbecausethe deviceswere large enough
to see the local average. With recent manufacturing advances mil-
lions of devices are now produced on a single wafer, so that even a
small local compositionalvariation can lead to the malfunction of a
single device.

During crystal growth without a magnetic � eld, oscillatory melt
motions produce undesirable spatial oscillations of the concentra-
tion in the crystal.An externally appliedmagnetic � eld can be used
to create a body force that providesan electromagnetic(EM) damp-
ing of the melt motion and to eliminate oscillations in the melt
motion and thus in the composition of the crystal. Chedzey and
Hurle1 andUtechandFlemings2 publishedthe � rst papersto demon-
strate the bene� ts of applyingmagnetic � elds during semiconductor
crystal growth.Unfortunately,the eliminationof mixing and a mod-
erate EM damping of the residual melt motion can lead to a large
variation of the crystal’s composition in the direction perpendicular
to the growth direction (lateral or radial macrosegregation).3

If the EM damping is extremely strong, then the melt motion
is suppressed and has no effect on the composition in the crystal,
and this diffusion-controlledspecies transport might produce a ra-
dially and axially uniform composition in the crystal.3 To achieve
diffusion-controlledspecies transport, the species transport Péclet
number Pem D Uc L=D must be small, where Uc is the characteristic
velocity for the magnetically damped melt motion and is inversely
proportional to the square of the magnetic � ux density B, while L
is the characteristic dimension of the melt and D is the diffusion
coef� cient for the species in the molten semiconductor. If Pem ¿ 1,
then the characteristicratio of convection to diffusionof the species
is small, and the species transport is diffusion controlled.However,
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because typical values of D are 1 to 2 £ 10¡8 m2/s, B must be ex-
tremely large for diffusion-controlled species transport on Earth.
It is more practical to use magnetic � elds that are strong enough
to eliminate � ow oscillations but that only moderately damp the
residual steady melt motion, that is, for which Pem is still large and
convection of species is important. With such � elds the objective is
to tailor the transport in order to achieve both lateral and axial com-
positionaluniformity in the crystal.At each stage during the growth
of a crystal by any process, there are in� nitely different ways to tai-
lor the strengthand con� gurationof the externallyappliedmagnetic
� eld, the distributionof heat � ux into the melt, etc., so that process
optimization through trial-and-errorexperimental crystal growth is
not practical. Models that accurately predict the composition in the
entire crystal for any combinationof process parameters are needed
to facilitate process optimization.

During Bridgman growth of alloyed semiconductors, the appli-
cation of magnetic � elds have shown great promise. For example,
Watring and Lehoczky4 have shown that the radial variation be-
tween the maximum and minimum concentrationscan be decreased
by more than a factor of three with the applicationof a 5 T magnetic
� eld. In these experiments one compositionalpro� le indicated only
a 0.04 mole fraction difference of CdTe in the radial macrosegre-
gation of a mercury-cadmium-telluride (HgCdTe) crystal,4 arising
because the magnetic � eld retards the sinking of the heavier melt
to the center of the ampoule resulting in less radial segregation.
Ramachandran and Watring5 reported a reduction in the radial seg-
regation in all of their samples, which were grown in a magnetic
� eld. Watring6 found that radial uniformity sometimes occurred
with weaker � elds.

For alloyed semiconductors the density differences caused by
compositional variations in the melt are very large. The rejected
component, for example, Ge in GeSi or HgTe in HgCdTe, is gen-
erally much heavier than the other component, so that the melt’s
density is dramatically increased near the crystal-melt interface. In
germanium-silicon (GeSi), for example, the mole fraction of ger-
manium can vary from 0.95 in the melt, which has not yet received
any rejected germanium to 0.99 near the interface, and this com-
positional difference corresponds to a density difference of nearly
300 kg/m3 . In a frequently used extension of the Boussinesq ap-
proximation, the melt density is assumed to vary linearly with both
the temperature and mole fraction of either species. In this approxi-
mation the magnitudes of the density difference and of the resultant
buoyant convection associated with the temperature variation or
with the compositionalvariation can be characterized by ¯T .1T /0

or ¯C .1C/0 , respectively, where ¯T and ¯C are the thermal and
compositionalcoef� cients of volumetric expansion and .1T /0 and
.1C/0 are the characteristic radial temperature difference and the
characteristic radial difference in the mole fraction of one species,
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for example,of themole fractionofsiliconin theGeSimelt.For GeSi
with .1T /0 D 10 K and .1C/0 D 0:04, the characteristicratio of the
buoyant convection driven by thermal variations to that driven by
compositionalvariations is ¯T .1T /0=¯C .1C/0 D 0:1. For a typical
Bridgman process for HgCdTe, this ratio is approximately0.01. Al-
thoughthe thermallydrivenbuoyantconvectionis probablynot neg-
ligible, particularly far from the crystal-melt interface where com-
positional variations are small, the compositionallydriven buoyant
convection or solutal convection is dominant particularly near the
interface.

In the 1970s Hart7 presented an asymptotic and numerical solu-
tion for the motion of a strati� ed salt solution in a two-dimensional
container with both thermally driven and compositionally driven
convectionand without a magnetic � eld. In two recent studies8;9 we
investigated the effect of buoyant convectionswith a magnetic � eld
and with solidi� cation.Hirtz and Ma8 investigatedthe effect of ther-
mally driven buoyant convection on the dilute transport of silicon
in a germanium melt, while Ma9 investigated the effect of compo-
sitionally driven buoyant convection on the solutal transport in a
nondilute mixture of silicon and germanium. In the present paper
extend this classical problem7 to include solidi� cation in a steady
axial magnetic � eld for the � rst time. We use a two-dimensional
model problem in a horizontal container in order to provide physi-
cal insight and illustrate an asymptoticmethod, but the extension to
three-dimensionalmelt motions in actual crystal-growth processes
would be straightforward.

Hurle and Series10 reviewed the pre-1994 literature on the use of
magnetic � elds during semiconductor crystal growth, with an em-
phasis on segregation during melt growth. Recently, Garandet and
Alboussière11 reviewed the literature on modeling and experimen-
tal studies of Bridgman growth in a magnetic � eld, while Walker12

reviewed the use of asymptotic methods in the modeling of melt
motion, heat transfer, and species transport during crystal growth
with magnetic � elds. Walker and Ma13 reviewed convective species
transport during crystal growth with steady magnetic � elds. Our
Pem is the same as the parameter ScGr/Ha2 used by some other
researchers,14 where Sc, Gr, and Ha are the Schmidt, Grashoff, and
Hartmann numbers, respectively.

Problem Formulation
We treat the unsteady, two-dimensional species transport of a

species in a solidifying,electricallyconductingsemiconductormelt
in a horizontal, rectangular container with thermally insulated top
andbottomwalls andwith an externallyapplied,uniform,horizontal
(axial) magnetic � eld B Ox. Here, B is the magnetic � ux density, and
Ox, Oy, and Oz are the unit vectors for the Cartesian coordinate system.
Our dimensionless problem is sketched in Fig. 1. The coordinates
and lengths are normalized by half the distancebetween the top and
bottom walls L , and a is the dimensionless length of the container.

Experiments4 have shown that magnetic � elds can control com-
positionally driven buoyant convection so that the electromagnetic
body force must be comparable to the characteristic gravitational
body force associated with compositional variations. Because the
electric currents only arise from melt motions across the magnetic
� eld, the magnetic � eld can damp the motionbut cannot completely
suppress it. Therefore, this balance gives a characteristic veloc-
ity for the magnetically damped compositionally driven buoyant
convection9

Uc D ½0g¯cC0

¾ B2
(1)

where ½0 is the melt’s density at the solidi� cation temperature T0,
g D 9:81 m/s2 , and ¾ is the electrical conductivityof the melt. Thus
we can expect the melt motion to decrease roughly as B¡2 as the
magnetic � eld strength is increased. For the growth of germanium-
silicon crystals with C0 D 0:04, the characteristicvalue varies from
Uc D 0:1348 m/s for B D 0:1 T to Uc D 5:3937£ 10¡5 m/s for
B D 5 T.

The electric current in the melt produces an induced magnetic
� eld that is superimposed on the applied magnetic � eld produced
by the externalmagnet.The characteristicratio of the induced to the

Fig. 1 Two-dimensional model problem with a uniform, steady, axial
magnetic � eld Bx̂ and with coordinates normalized by half the distance
between the top and bottom walls.

applied magnetic � eld strengths is the magnetic Reynolds number

Rm D ¹p¾Uc L (2)

where ¹p is the magnetic permeability of the melt. For all crystal-
growth processes Rm ¿ 1, and the additional magnetic � elds pro-
duced by the electric currents in the melt are negligible.

In our two-dimensional model problem nothing varies in the z
direction, and there can be a uniform electric � eld in the z direction
Ez. In any actual horizontalBridgman process there are electrically
insulatingwalls at, say, z D §d , which block any electric current in
the z direction. For the present recirculating � ow Ez D 0 for zero
net electriccurrent.Ohm’s law gives j D ¡vOz for the electric current
density normalized by ¾Uc B, where v D u Ox C v Oy is the dimension-
less melt velocity. Here, u and v are the horizontal and vertical
velocities, respectively, normalized by Uc .

We assume that the temperature differences and compositional
variations are suf� ciently small so that all of the physical proper-
ties of the melt can be considered uniform and constant except for
the density in the gravitational body force term of the momentum
equation. In this Boussinesq-like approximation the characteristic
temperaturedifference .1T /0 and characteristicmole fraction vari-
ation .1C/0 are assumed to be suf� ciently small so that the melt’s
density is a linear functionof temperatureandcomposition,givenby

½ D ½0

£
1 ¡ ¯T

¡
T ¤ ¡ T0

¢
¡ ¯c

¡
C¤ ¡ C0

¢¤
(3)

and that ¯T .1T /0 ¿ 1 and ¯c.1C /0 ¿ 1, where T ¤ is the tempera-
ture in themelt,C ¤ is themole fractionof onespeciesin themelt, and
C0 is the initially uniform mole fraction in the melt before crystal
growth begins.

In the Navier–Stokes equation the characteristic ratio of the EM
body force term to the inertial terms is the interaction parameter
N D ¾ 2 B4 L=½2

0 g¯cC0. In a recent study15 we investigated the role
of inertia on the thermally driven buoyant convectionduring liquid-
encapsulatedgrowth of compound semiconductors and determined
the errors associated with the neglect of inertial effects for interac-
tion parametersbetween N D 1:307 and 6803.5.We found that iner-
tia signi� cantlyaffectsthe buoyantconvectionfor which N D 1:037.
As the interaction parameter is increased from this value, the ratios
of the inertialforce to the EM body forcedecrease.We found that the
error causedby neglectof inertialeffects is only 2.7%for N D 16:59
and is totally negligible for N ¸ 648:1.

The equationsgoverningthe inertialessmelt motion,heattransfer,
and species transport are

¡r p C .° T C C ¡ 1/Oy ¡ v Oy C Ha¡2r2v D 0 (4a)

r ¢ v D 0 (4b)

Pet

µ
@T

@t
C .v ¢ r/T /

¶
D r2T (4c)

Pem

µ
@C

@t
C .v ¢ r/C/

¶
D r2C (4d)

C D
C¤

C0
(4e)

T D
T ¤ ¡ T0

.1T /0
(4f)

° D
¯T .1T /0

¯cC0 (4g)



MA 79

where T is the deviation of the dimensional melt temperature from
the solidi� cation temperature normalized by .1T /0 and C .» , y, t/
is the mole fractionnormalizedby its initiallyuniform value C0. All
dimensionsare normalizedby L . The square root of the characteris-
tic ratio of the EM body force to the viscous forces is the Hartmann
number Ha D BL.¾=¹/1=2, where ¹ is the viscosityof the melt. The
characteristic ratio of convective to conductive heat transfer is the
thermal Péclet number Pet D ½2

0 g¯cC0cp L=k¾ B2 , where cp and k
are the speci� c heat and thermal conductivity of the melt, respec-
tively. The characteristic ratio of convective to diffusive species
transfer is the mass Péclet number Pem D ½0g¯cC0 L=¾ B2 D.

For a suf� ciently strong magnetic � eld Pet ¿ 1, convective heat
transfer is negligible, and the crystal-melt interface is planar, as
shown in Fig. 1. In general,Ug · Uc , so that the heat releasedby the
coolingmelt is negligiblecomparedto theconductiveheat transfer.16

Therefore, the heat � ux through the melt is uniform and constant,
and the deviation of the melt’s temperature from T0 , normalized by
Lq=k, where q is the constant uniform heat � ux into the right end
of the container, is

T D x ¡ !t (5)

As the magnetic � eld strength is decreased and the ratio of convec-
tive heat transfer to conductive heat transfer increased, convective
heat transfercaused the shapeof the crystal-meltinterfaceto deviate
from planar. This effect will be investigated in a future study.

In an asymptotic solution for Ha À 1, the melt is divided into an
inviscid core, Hartmann layers with an O(Ha¡1) thickness adjacent
to the crystal–melt interface at » D ¡1, and parallel layers with an
O(Ha¡1=2) thickness adjacent to the container walls at y D §1. The
Hartmann layers have a simple, local, exponential structure, which
matches a transverse core or parallel-layer velocities at » D §1,
which satis� es the no-slip conditions at the solid–liquid interfaces,
and which indicates that u in the core or parallel layer is O(Ha¡1)
at x D !t and x D a. Analysis of the parallel layers reveals that their
thicknessesare actually Of[.a ¡ !t/=Ha]1=2g. Because a can be as
large as 35 (Ref. 6), the parallel layer is not actually thin as assumed
in the formal asymptotic expansion for Ha À 1. Although a formal
asymptotic analysis for Ha À 1 is not appropriate, the numerical
solution of the inertia-less Navier–Stokes equation with all viscous
terms is not necessary.The Hartmann layers represent an extremely
small fraction of the melt length and have a simple exponential
structure. There is no need to duplicate numerically this simple
exponentialstructure.Therefore,we use a hybrid solution that does
not assume that the parallel-layerthickness is small. We discard the
viscoustermsHa¡2@2v=@x2 in theNavier–Stokesequation,we relax
the no-slip conditions at both » D §1 because they are satis� ed by
the Hartmann layers that are not part of the composite solution, and
we apply the boundary conditions

u D 0 at » D §1 (6)

We apply the no-slip and no-penetrationconditions at y D §1.
For our two-dimensional� ow the streamfunctionis governedby

Ha¡2 @4Ã

@y4
¡ 4

.a ¡ !t/2

@2Ã

@» 2
D 2

a ¡ !t

³
°

@T

@»
C @C

@»

´
(7a)

u D
@Ã

@y
(7b)

v D ¡ 2
a ¡ !t

@Ã

@»
(7c)

where T is given by Eq. (5). Here » D [2x ¡ .a C !t/]=.a ¡ !t/ is
our rescaled axial coordinate so that ¡1 · » · 1 for all time.

For the species transport the boundary condition at the crystal-
melt interface is

@C

@»
D ¡

.a ¡ !t/

2
Peg.1 ¡ ks/C at » D ¡1 (8)

where Peg DUg L=D D !Pem is the growth Péclet number. Along
each of the other surfaces, there cannot be diffusion of species into

the impermeable container, so that rC ¢ On D 0, where On is the unit
normal vector.

In a previous study8 we used an asymptotic method to treat
Eq. (4a) for ° D 1 and without the @C=@» term, Eq. (4d) with
Pet ¿ 1, and Eq. (4e) for the entire period of time needed grow the
entire crystal. This study only considered nearly pure crystals with
very small dopant concentrations so that there was only thermally
driven buoyant convection, and we used the characteristic velocity
Uc D ½0g¯T .1T /0=¾ B2 for magnetically damped thermally driven
buoyant convection17 instead of Eq. (1). Here, v and T were inde-
pendentof C and were known at each time step, so that Eq. (4e) was
a linear equation for C with known spatially variable coef� cients
given by v. We solved Eq. (4e) using a Chebyshev spectral colloca-
tion method with a second-order-implicit time-integration scheme
for the species transport of a dopant in the molten semiconductor.

We use a Chebyshev spectral collocation method for the spatial
derivatives in Eq. (4a) for the melt motion and in Eq. (4e) for the
species transportwith Gauss–Lobatto collocationpoints in » and y.
For the time derivative in Eq. (4e), we use an implicit second-order
time integration to integrate from t D 0 to a t that is slightly less
than a=!. We use a large enough number of time steps such that the
results do not change by increasing the number of time steps and
a large enough number of collocation points in each direction for
both the stream function and concentrationat each time step so that
the velocity and concentrationgradients are resolved.

At the beginning of crystal growth, the concentration of
silicon, normalized with the initial uniform concentration, is
C.»; y; t D 0/ D 1. Thus the amount of silicon initially in the melt is
obtained by integrating across the ampoule’s volume giving a total
dimensionless silicon concentrationequal to 2a. We verify that the
sum of the total silicon in the melt and in the crystal is equal to 2a
at each time step.

Assuming that there is no diffusion of dopant in the solid crystal,
Cs.x; y/, normalized by the initial uniform concentration in the
melt, is given by

Cs.x; y/ D ks C.» D ¡1; y; t D x=!/ (9)

where the segregation or partition coef� cient for silicon in
germanium is ks D 4:2 for silicon in a germanium melt. The seg-
regation coef� cient is the ratio of the slope of the liquidus curve
to the slope of the solidus curve on the binary phase diagram for
germanium-silicon.

In the classical well-mixed limit the rejected germanium is in-
stantly uniformly mixed over the volume of the melt at each time.
In this limit the crystal composition is given by

Cs;avg.x/ D ks.1 ¡ x=a/¡.1 ¡ ks / (10)

In the classical diffusion-controlled limit the crystal concentration
is uniform at the melt’s initial uniform composition C D 1 except
for the � rst-grown and last-grown parts of the crystal. In the initial
and � nal transients correspondingto the � rst-grown and last-grown
parts of the crystal, respectively, the crystal compositionsare given
by exponential curves, which are functions of ks and Peg (Ref. 18).

Results
For a typical Bridgman process used to grow germanium-silicon

crystals, the growth rate is Ug D 0:1 ¹m/s. For this example with
B D 2 T, C0 D 0:04 and a D 1, Uc D 0:000337 m/s, the dimension-
less parameters are ! D 0:000297, Ha D 793.33,Pem D 126:42, and
the dimensionless time to grow the crystal is 3371.2.

Initially, the concentrationin the melt is uniform so that the melt
motion is entirelycausedby thermallydrivenbuoyantconvection,as
shown in Fig. 2, where the maximum value of the streamfunctionis
Ãmax D 0:0129.The hotter� uid near » D C1 � ows verticallyupward
and � ows to the left for y > 0. When the � uid reaches the colder
end of the container near the crystal-melt interface, the � uid � ows
vertically downward, and either solidi� es or turns and � ows to the
right for y < 0. Because the temperature gradient is uniform, the
streamlines are symmetric about » D 0.
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Fig. 2 Stream function in the melt at the beginning of growth Ã(», y,
t = 0).

a) C(», y, 33.71)

b) Ã(», y, 33.71)

Fig. 3 Contours of the concentration and stream function in the melt
at t = 33.71.

Once crystal growth begins, the germanium absorbs silicon as
it solidi� es, which then creates a silicon-depleted region adjacent
to the crystal–melt interface. Just after growth begins, this concen-
tration gradient is primarily axial and drives an axial diffusion of
silicon toward the crystal–melt interface.When 1% of thecrystalhas
grown at t D 33:71, the maximum value of the stream function has
increasedto Ãmax D 0:0164, and the minimum and maximum values
of the concentrationare 0.951 and 0.996, respectively, as shown in
Figs.3a and3b.The crystalhasalreadyabsorbedsomuchsilicon that
C < 1 everywhere in the melt. This compositionallydriven buoyant
convection caused by the rejection of the heavier germanium adja-
cent to the crystal–melt interface sinks so that it � ows in the same
directionas the thermallydrivenbuoyantconvectionthus increasing
the � ow rate. This is re� ected in the larger value of Ãmax compared
with the thermally driven buoyant convection alone at t D 0. Even
at this early stage, the large velocity adjacent to the bottom wall has
carried the silicon-depleted melt to the right end of the container.
The concentrationgradient is larger near the crystal–melt interface
at » D ¡1 so that the streamlines are no longer symmetric about
» D 0.

The contoursof the concentrationand stream functionare shown
in Figs. 4a and 4b, respectively, for t D 2022:71 when 60% of the

a) C(», y, 2022.7)

b) Ã(», y, 2022.7)

Fig. 4 Contours of the concentration and stream function in the melt
at t = 2022.7.

Fig. 5 Contours of the concentration in the crystal Cs(x, y).

crystal has grown. At this stage the maximum value of the stream
function is 0.00217, and the minimum and maximum values of
the concentrationare 0.0569 and 0.0595, respectively.The average
concentrationin the melt has decreased as a result of the absorption
of siliconat thecrystal–melt interface.This absorptionhasdecreased
the concentration gradient so that the magnitude of the buoyant
convection has decreased as re� ected in the decrease in Ãmax .

The contours of the concentration in the crystal are presented in
Fig. 5. Because the differencebetween the maximum and minimum
concentrations in the melt at all times is relatively small, the lat-
eral variationof the concentrationis small. The concentrationalong
y D ¡1 in the crystal is always the lowest because there is a stag-
nation point in the � ow at y D ¡1 and very near » D ¡1, so that the
nearly stagnant � uid near y D ¡1 and » D ¡1 always loses a larger
amount of silicon before solidifying. The axial variation of the lat-
erally averaged concentration in the crystal is presented in Fig. 6.
The axial decrease of the laterally averaged Cs , which is evident in
Fig. 5, is re� ected in Fig. 6. The silicon that is absorbed from the
melt at the crystal–melt interface has the effect of decreasing the
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Fig. 6 Axial variation of the laterally averaged crystal concentration
Cs;avg(x).

average melt concentration, which then decreases the crystal con-
centration after the silicon-depletedmelt is convectedback towards
the crystal–melt interface. Near the end of growth, the crystal has
absorbed virtuallyall of the silicon, so that the right end of the crys-
tal has Cs D 0. The laterally averaged concentration in Fig. 6 very
nearly coincides with the classical well-mixed values even though
the concentration in the melt is very nonuniform at all times.

Conclusions
During the horizontal Bridgman process with a steady magnetic

� eld, the large horizontal velocity quickly convects the silicon-
depletedmelt from a region adjacent to the crystal–melt interface to
the right end of the container so that the concentrationdifference in
the melt is small. The crystal solidi� es with little lateral segregation.
Because of the large value of the segregation coef� cient, the axial
variation of the concentration in the crystal is large but very nearly
resembles the well-mixed limit.
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